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1 INTRODUCTION 
1.1 An Elementary Definition of a Catenary  
When we talk about field observations obtained with the aid of a rope or measuring 

tape, held in two different points and at a particular height, it is necessary to acknowledge that 
the rope or measuring tape will sag at points where it is not firmly held, and therefore also 
assume a particular shape that will not be a straight line, which would invariably be the ideal 
in such a situation. This shape achieved through the sagging of a rope or measuring tape is 
referred to as a catenary in mathematics [1] [2], and is influenced primarily by the strain in the 
points that hold the rope or measuring tape in place, its weight, its weight distribution i.e. 
density of different segments of the rope, and the distance between the two points where the 
rope is held firmly i.e. the distance over which the sagging is permitted to happen.  
As any of these factors may influence field observations, we have put much effort into 
analysing them, as well as analysing the catenary formed by the rope in such a way as to 
minimise its effects on the measurements we obtain through the use of ropes and measuring 
tapes on the field. It is usually possible to completely discard at least the effect of a different 
weight distribution within the rope, as that is more of an anomaly than a regular and 
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significant occurrence in ropes and measuring tapes. Thus we have instead focused on 
analysing how a catenary formed out of a sagging rope is determined by the differences in the 
points where it is held firmly, preimarily their height. 
 

2 METHOD  
2.1 A Method for the Determination of a Catenary  
As the rope or measuring tape forms a sagging shape, which is essentially a form of 

curve, we have approximated the sagging shape of the catenary to the forms of curves we are 
already familiar with from mathematical theory and found that the catenary corresponds 
closely with the kind of curve formed by a polynomial consisting of 25 terms, with 25 
coefficients. Upon closer inspection, however, we found that there were only two coefficients 
in this polynomial that, when examined, presented with an adequate impact and degree of 
accuracy to actually be able to determine the shape of the catenary. We naturally kept only 
these two coefficients in our approximation and discarded the remaining 23 coefficients, 
which had an entirely negligible impact on the shape of the catenary, and extensive 
experimental observations have confirmed that this polynomial with two remaining 
coefficients matches the shape of a catenary.  
 

2.2 Determination of a Catenary with Points of Hold at an Equal Height  
We decided to first examine the most basic sagging shape we would be able to come 

across in our field observations, which is that of a catenary formed between two points of hold 
that are at the same height, or rather that have a height difference of zero (𝛿𝛿ℎ = 0 ). In such a 
case, the maximum degree of sagging happens at exactly the mid-point of the distance 
between the points of hold, at 𝑠𝑠𝑐𝑐  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 1  A catenary formed when points of hold are at equal heights. 
 
An expression for the appropriate distance correction in such a case is derived with the 

aid of static balance conditions for ropes burdened only with their own weight. [3] As such, 

the balance condition in the direction of the x-axis is 0=−+ hhh σδσσ  and tells us that the 
tensile strain in every point of the catenary is constant, and the balance condition in the 

direction of the y-axis is 0=⋅−−+ cvvv cq δσδσσ  and tells us that the change in tension in 
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the direction of the y-axis is proportional to the specific weight of the rope, i.e. measuring 

tape, or cv sq δ⋅=δσ . [4] 
An element of the catenary is expressed simply as 

( ) ( )222 /1 xyxyxsc δδδδδδ +⋅=+= , and the inclination angle of the catenary also simply 

as hvxy σσδδϕ //tan == . [5] [6] 
 
Knowing this, if we insert the expression for an element of the catenary,  

( ) ( )222 /1 xyxyxsc δδδδδδ +⋅=+= , into the expression detailing the consequences of the 

balance condition of the y-axis, cv sq δ⋅=δσ , we get a differential equation of the following 
form: 

( )2/1/ xyqxv δδδδσ +⋅=   (1) 
 
If we then take the derivative of the equation for the inclination angle of the catenary, 

hvxy σσδδϕ //tan == , and substitute it into the equation for an element of the catenary, 

( ) ( )222 /1 xyxyxsc δδδδδδ +⋅=+=  , we get another differential equation, this time of the 
following form: 

( )222 /1/ xyqxyh δδδδσ +⋅=⋅    (2) 
 
The solution to this differential equation is then: 

K
a
xchay −⋅=

  (3) 
 
Here, 𝑎𝑎 is the paramater of the catenary, defined through the expression  𝛿𝛿ℎ

𝑞𝑞
,  𝐾𝐾 is the 

integration constant, and 𝑞𝑞 is the specific weight of the rope or measuring tape. 
 
If the coordinate origin is placed into the vertex of the catenary, the integration 

constant is equal to −𝑎𝑎. Because the greatest degree of sagging of the rope is displayed at  1
2
𝑠𝑠𝑐𝑐  

, the expression for the curve of the catenary can be written down in the following form: 
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The hyperbolic cosine [7] can then be developed into a power series with the help of 

the following expression: 
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And if we take note of the first two terms of the series and the parameter of the 

catenary, we then get an expression for the largest degree of sagging of the rope or measuring 
tape, which is: 
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And the length of the catenary is then: 

∫ ∫ ⋅=
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The hyperbolic sine [8] can then also be developed into a power series with the help of 

the following expression: 
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And if we take note of the first two terms of the series, we then get an expression for 

the length of the catenary, which is: 
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The correction due to the sagging of the rope or measuring tape is therefore defined 

with the  aid of the following expression: 
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Here, 𝑄𝑄 is the weight of the rope or measuring tape, 𝑠𝑠𝑐𝑐  is the observed length of the 

catenary, and 𝜎𝜎ℎ = 𝑝𝑝 is the force of the tension of the rope or measuring tape.  
 
2.3 Determination of a Catenary with Points of Hold at a Different Height 
We can now proceed to examine the a more complex sagging shape that we would be 

able to come across in our field observations, which is that of a catenary formed between two 
points of hold that are at different heights, or rather that have a height difference that is not 
equal to zero (𝛿𝛿ℎ ≠ 0). In such a case, the maximum degree of sagging does not happen at 
exactly the mid-point of the distance between the points of hold, and the expression we 
derived above for a catenary formed between two points of hold that are at an equal height 
does not hold true. [9] 

 
 

Figure 2  A catenary formed when points of hold are at different heights 
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2.4 The General Mathematical Definition of a Catenary 
In order to be able to better examine the above situation, we need to have a complex 

understanding of the mathematical definition of a catenary. It is a curve with the shape of a 
hyperbolic cosine and is mathematically defined with the aid of the following expression: 

2
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When we use this expression, we presume that the rope or measuring tape that takes 

the shape of this curve is homogenous and unstretchable. In this expression, we employ the 
parameter 𝑎𝑎 to mark the height difference in the catenary, i.e. the parameter is used to define 
the vertex of the curve in the point 𝐴𝐴(0,𝑎𝑎). [10] The curve is symmetrical in relation to the y-
axis and lies above the curve of the parabola, as is understood with the aid of the following 
expression: 
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2.5 Our Approach to the General Mathematical Determination of a Catenary 
When we are dealing with two points of hold that are at different heights, the catenary 

formed between them can be determined with the aid of an adjustment of terms appearing in a 
mathematical series. The factors that influence the shape of the catenary most are the 
observed distance of the catenary and the relative height difference of the points of hold of the 
catenary, and the latter is easily taken from RTK-GNSS observations, the accuracy of which 
is absolute in comparison to the accuracy of the measurements and can thus be neglected. 

 
 
 

Figure 3  A depiction of a catenary and a parabola. 
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A catenary is defined as a hyperbolic cosine, the shape of which can be approximated 

with its development into a convergent series. [11] That is how the beginning of all 25 terms 
of the series makes up an expression describing the shape of its chord, i.e. its diagonal 
distance. 
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Here, 𝑎𝑎 is the coefficient of a particular term of the series, with indexes 𝑖𝑖 and  𝑗𝑗  that 
determine the sequential term of the series,  𝑠𝑠𝑐𝑐  is the length of the arc of the catenary, and    
is a computer-determined relative height difference, gained from RTK-GNSS observational 
data. 

 
In Table 2, the martix of coefficients, 𝐴𝐴

51x25
, is displayed. Each measured value has a 

belonging equation of corrections, made up from terms of the series. 
 

Figure 4  A catenary formed when points of hold are at different heights. 
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 3 RESULTS 

Here, the basis for the determination of the vector of free terms is the diagonal length 
[12] determined from the RTK-GNSS observations. 
 
 
 

 
 
The observations are used to obtain the following expression: 
 
 

222 HXYsGPS ∆+∆+∆=    (15) 
 
The vector of the free terms, f

118×

, is then: 

1x25

T
ij

51x1
GPS51x2551x1

asAf −






 ⋅=
  (16) 

Tab. 1  A table depicting the contents of the martix of coefficients. 



Milivoj Vulić – Aproximation of a Catenary…  T&L  

8 
 

 
 
 
 
 

 
 
 

 
 
 
 
 
 
 
 

In Table 3, the switches for turning unknowns and measurements on and off is taken 
into account, and the switches are denoted with a yellow hue. The coefficients for the terms of 
the series are also expressed, and denoted with a blue hue. The diagonal lengths gained from 
the previously-mentioned RTK-GNSS observations, determined with the aid of the expression 

222 HXYsGPS ∆+∆+∆=  , while also taking switches into account, are expressed in the 
form of values beneath the cell  𝒇𝒇 . 

In continuation, when the matrix of coefficients, 
51x25
A  , and the vector of free terms, 

f
151×
, are both determined, the matrix of coefficients of normal equations, 

25x25
N  , and the vector 

of free terms of normal equations, 25x25
n

, are also both determined [15] thusly: 

25x5151x25

T

25x25
AAN ⋅=

  (17) 

1x5151x25

T

1x25
fAn ⋅=

  (18) 

 
 
 
 
 
 
 
 
 
 
 
 
 
 

Tab. 2  A table depicting the determination of the vector of free terms 
f

151×  

Tab. 3  A matrix of the coefficients of 
25x25

N   and the vector of the free terms of normal equations 
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This adjustment by parametric variation [13] is continued with the addition of an 

auxilliary matrix, 25x25
N∆

,  with the aid of which the process of adjustment is automatised, as the 

determinant of the matrix of coefficients of normal equations, 25x25
N

,  is equal to zero, and that 
is why it is not possible to directly invert it and determine the matrix of cofactors of the 
sought-after values 

2525

1

2525 xx
xx NQ −= . 

This auxilliary matrix, 25x25
NΔ

, is formed out of the matrix of coefficients, 25x51
A

, and 
thus, when its terms are positive, null or negative, an auxilliary vector with values of +𝟏𝟏,  or 
−𝟏𝟏, respectively, is formed. This matrix is then gained with the aid of the expression written 
down in the following table: 

 

 

 

 

 

 

 

 

 

 
 
 

 

The auxilliary matrix, 25x25
NΔ

, is then counted into matrix 25x25
N

, thereby gaining matrix 

25x25
fullN

, which is then inverted. The result of this inversion is then a matrix of cofactors of the 

sought-after values of 25x25
xxQ

. The vector of growth of the sought-after values 1x25
x

 is then also 
determined, and thus: 

1x2525x25
xx1x25

nQx ⋅=
  (19) 

 

 

Tab. 4  The auxilliary matrix ∆
2525x

N . 
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Thus, the final result of the direct adjustment is the determination of the vector of 

corrections of the measured values 1x51
v

: 

1x511x2525x511x51
fxAv −⋅=

   (20) 

 

Tab. 5  A matrix of the cofactors of 
25x25

xxQ . 

Tab. 6  The vector of growth of the sought-after values of 
1x25

x . 
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The standard deviation of the measured values is thus: 

( )xxxx0 Qq diagoxx ⋅σ=⋅σ=σ   (21) 

 

 

 

 

 

 

 

 

Then, the inappropriate terms are all discarded, under the condition that either τσ ≥xxia / , 

where what fits is that rd3or  nd2=τ  term of the series, or τσ <xxia / , where what does not 

fit is that nd2or st 1=τ  term of the series. Here, the coefficients jia ,  are the opposite values 

of the vector of growth of the sought-after values . 

 

 

 

 

 

 

 

 

 

 

 

 

1x25
x

Tab. 7  A table of the sought-after values of xxq . 

Tab. 8  A depiction of the process of discarding of the terms of the 
 



Milivoj Vulić – Aproximation of a Catenary…  T&L  

12 
 

The first discarded term is ( )hsc /12 ⋅ , as the quotioent xxia σ/  takes on the smallest possible 
value, i.e. is smaller than 2or 1=τ . The terms are discarded in this way until the quotient 
does not assume the value of 3or 2≥τ  any more, which then translates to a probability value 
of approximately 95.45%. Thus, 23 terms of the series are descarded under this condition and 
as a result, what is obtained is an expression for the calculation of genuine diagonal distance. 
[14] This distance can be calculated with the aid of the following expression: 

cc sahsas 0,1
22

2,2 +=   (22) 

If we then take the coefficients we worked with into account, we get the following expression 
out of the above: 

cc shss ⋅+⋅= 98613,000014,0 22
  (23) 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
Figure 5  The differences between the approximate and adjusted coordinates. 
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With this obtained diagonal distance, we are then able to adjust the approximate 
coordinates [15] we have been working with and thus partially exclude the influence of the 
sagging of the rope or measuring tape into the shape of a catenary. The difference between 
these approximate and adjusted coordinates is presented with the aid of the following figure. 

 
4 CONCLUSIONS 
In an attempt to minimise its influence upon our field measurements, we have 

determined an appropriate approximation for a catenary curve formed out of a sagging rope or 
measuring tape fastened to two points of hold and stretched out over a disctance, with points 
of hold being either at an equal and at a different height. Now that we are aware of this 
fundamental approximation, it would be useful to continue with our investigation, attempting 
to perfect our insight into it by constantly collecting information during field observations, 
entering it into a common database, taking care to constantly confirm and perfect the theory 
behind it, and investigating the phenomenon of a sagging rope forming a catenary under 
different kinds of conditions. 

 
As is evident, what may happen with a rope when it is actually used on the field as 

opposed to only examined in theory is that it may be different from the one that we are used to 
primarily analysing, meaning that it may even be cracked or uncoiling, or that conditions may 
not allow for us to determine certain aspects of what is happening with the curve of the rope 
and make them ideal, such as the strain with which the points of hold grip at the rope. In such 
a case, while one parameter involved in the formation of a catenary out of a sagging rope may 
not be easily determinable, we may still be able to evaluate other parameters and use them to 
help us better determine the catenary formed and how to deal with it. 
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