DEPARTMENT OF APPLIED MATHEMATICS AND INFORMATICS
FACULTY OF MECHANICAL ENGENEERING

TECHNICAL UNIVERSITY OF KOSICE

BASIC MATH FORMULAS

2025



BASIC ALGEBRA FORMULAS

1) (a+0b)?=a?+2ab+b? 4)  (a+b)®=a®+£3a% + 3ab® £ b3
2) (a—10b)?=a®—2ab+b? 5) a®—b3 = (a—b)(a®+ ab+b?)
3) a?—0b%>=(a—0b)(a+b) 6) a®+0b3=(a+b)(a®—ab+b?)

EXPONENT RULES

) a™-a" =qgmtn 5 am=2L
2) am:ia*=am " 6) (a-b)™=am ™
3) (a™)™=am" 7 a=an
4) a® =1 8) Yam = gn
ELEMENTARY FUNCTIONS
Constant function - ‘ fry=c ceR
D(f) =R, R(f) ={c}.
The graph is a line parallel to the z-axis.
Ya
y=-c
c
) x

Linear functionf‘f: y=ax+b, a,beR, a;éO‘
D(f) =R, R(f)=R.

The graph is a line, where a is the slope and b is the y-intercept.

Y

y=axr+b

Q
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Quadratic function — ‘ f:y=ar’+br+c a,bceR, a#0

The graph is a parabola with axis of symmetry parallel to the y-axes.

1) a>0:
D(f) =R, R(f) = (v2;00),
even for b =0,

bounded from below,

decreasing, one-to-one when x € (—oo;v1),

increasing, one-to-one when z € (v1;00).

y=azx?+br+c

Vo t--

2)a<0:
D(f) =R, R(f) = (—o0;v2),
even for b =0,

bounded from above,

increasing, one-to-one when x € (—oo;v1),

decreasing, one-to-one when x € (vy;00).
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y=azx?+br+c
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Let z; and x5 be the roots of the quadratic equation ax? + bz + ¢ = 0. Then the quadratic function
y = ax? + bz + ¢ can be written in the form y = a(x — x1)(z — x2).



Rational function —|f: y= a +0b, a,beR, a#0
x

D(f) = (=00;0) U (0;00), R(f) = (—00;b) U (b;00).
The graph is a rectangular hyperbola.

a>0: Yy a<0: Ya

Exponential function - ‘ fry=a", a>0,a#1 ‘
D(f) =R, R(f) = (0;00).

a>1: y;

\ O<a<l: Ya
y=a® y=a”
/1 1\
0 " 0 e

Logarithmic function — ‘ fry=log,z, a>0, a#1 ‘
D(f) = (0;00), R(f) =R.

a>1: Ya

0<a<1: y“

y=log,x

y =log,

log x = log, « is called the decimal or common logarithm,

Inz =log, x is called the natural logarithm, (where e = 2.718... is Euler’s number).

Properties of logarithms:

log, zy = log, x + log, y log,1=0
log,, T log, z —log, y log,a=1
Y
log,
log, " =n-log, log, = Sy
log, a



Trigonometric functions

D(f) =R, R(f) = (~1;1),

odd, thus sin(—z) = —sinz,
bounded,
periodic with a period of p = 27. Y a

y=sinz

D(f) =R, R(f) = (-1;1),

even, thus  cos(—z) = cosz,
bounded,
periodic with a period of p = 2. y

D(f)=R—{(2k+1)-Z; ke Z} = U (~% +km; T +kr), R(f) =R,

odd, thus tan(—x) = —tanz,
increasing on every interval I C D(f),
unbounded,

periodic with a period of p = 7.

Yy
Yy =tanx
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D(f) =R~ {kmk e Z} = U (km: (k+ )m), R(f) =R,

-2

keZ

odd, thus  cot(—z) = —cot z,

decreasing on every interval I C D(f),

unbounded,

periodic with a period of p = 7.
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SIGNS OF TRIGONOMETRIC FUNCTIONS

quadrant sinx cosT tanx cotx
L + + + +
II. + - - -
I11. - - + +
IV. — + - -

sin(90° — x) = cos

cos(90° — z) = sinz

sin(90° 4+ z) = cosx

cos(90° + z) = —sinx

VALUES OF THE TRIGONOMETRIC FUNCTIONS

0 m T m T

o 6 4 3 2

sinx 0 1 ﬁ ﬁ 1
2 2 2

CcosS X 1 ﬁ ﬁ } 0
2 2 2

tan x 0 1 1 V3 *

V3

1

cotx * V3 1 — 0

V3

o
1radian =

™

= 57° 17" 45"

1°= " =0,0175



RELATIONS AMONG THE TRIGONOMETRIC FUNCTIONS

1) sin’z+cos?z =1

sinx 1 cos T 1
2) tanzx = = 3) cotx = — =
cosr cotx sinx  tanx
4) sin2z = 2sinzcosz 5) cos2z = cos®x —sin’z
z 1—cosz r 1+4cosz
6) sin’s =—F—" 7 2o ="
) sin 5 5 ) cos 5 5
8) sin(x £y) =sinx-cosy+cosz -siny 9) cos(x £y)=cosx-cosy Fsinz-siny
Unit circle:
) A
1
sin x
z |,
) CcOS T T

QUADRATIC EQUATIONS

The quadratic equation in the standard form is ’ az? +br+c=0, a #0, a,b,c € R| The roots =1, zs
of a quadratic equation are given by

—b+ Vb2 — 4ac
2a ’
where the expression D = b? —4ac is called the discriminant.
If D > 0 then the quadratic function has two distinct real roots.
If D = 0 then the quadratic function has one repeated real root
b
2a
If D < 0 then the quadratic function has two complex roots
_ —b+i-+/|D|

T1,2 = 72(1 s

T12 =

Tr1 = Ty =

where 7 is the imaginary unit.

If 1, x5 are roots of a quadratic equation then it can be written as as a product of its linear factors

az® +bx +c=alz — z1)(x — x9).

If
352—&-17:10—1—q:07

is a quadratic equation with roots x1,xo then

Ty +T2=—p, T1'T2=4(q.



ABSOLUTE VALUE
The absolute value (or modulus) |a| of a real number a is defined such that
1. if a > 0, then |a| = q,
2. if a <0, then |a| = —
Properties of absolute values
) lal > 0,

b) | —a| = lal,

)

) lab| = |a] - 0],
) Va2 = lal,
)
)
)

C

[=¥)

e) lal=k & a=k V a=—k,

f) la| <k & —k<a<k & ac(—kk),

g) la|>k & a<—k Va>k & ac(—o0;—k)U(k;o0).
COMPLEX NUMBERS

A complex number is any number that can be written in the form z = a + bi, where a,b € R and a is
the real part, b is the imaginary part of the complex number and i is the imaginary unit, that satisfies

2 _

Z _Letlél = a + bi, zo0 = ¢+ di be complex numbers. Then
a) sum 2y + 23 = (a + ¢) + (b + d)i,
b) difference z; — 25 = (a — ¢) + (b — d)i,
¢) product 21 - 23 = (ac — bd) + (ad + be)1,

d) ratio z—; = mm,

Note that the complex number ¢ — di is called the complex conjugate of the complex number zs.

c+di #0.

The complex number z = a + bi can be visually represented by the position vector OA

Y A

N A=fa

|
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0] a Vx

The absolute value (or modulus or magnitude) is |z| = va? + b2.

cos p = = a=|z|-cosp

a
2|

. b .

sin :ﬂ = b=|z| -sinyp
z

Substituing to the algebraic form of a complex number z = a + bi we obtain the polar (trigonometric)
form of a complex number

z=|z| (cosp +i-singp).
Using Euler’s formula _

e =cosp+i-sing

we get the exponential form of a complex number

z = |z]e'.



PLANE ANALYTIC GEOMETRY

The distance between points A = [a1, az] and B = [by, bo] is
[AB| = /(b1 — a1)? + (b2 — az)?.

The vector from point A to point B is E =B — A= (by —aj,ba — az). Then |AB| is also called the

length of the vector E .
The midpoint of the line segment AB is

a1 +b1 az+by
M = .
]
Y
by |~ mm e
a2 t---------
0 r

The equations of a straight line:

1. parametric form of the equation —
the line given by the point A = [a;, as] and the direction vector @ = (uq, uz)
r=ay+t-uy,
y=az+t-us, teR,

2. general form of the equation —
ax+by+c=0,
where 7 = (a,b) is a normal vector of the line, whereby 7 L 4,

3. slope-intercept form of the equation —
y=kr+q,
where k = tan « is the slope while « is the angle between positive part of x-axis and the line and ¢
is the y-intercept.
Relative position of two lines:
Let p be the line given by the point A and the direction vector u, and let ¢ be the line given by the point
B and the direction vector v. Their relative position can be determined using the following scheme, where
keR, k+#0:

- P:q —
U=k U UFk-U
pNg=10 pNg#0 \
parallel coincident intersecting
(identical)

The angle between two lines:

[urv1 + ugve|
cosq = ——————
|al - |v]

where @ = (u1,u2), U = (v1,v2) and |[@] = \/u? +u3, |U] = \/v? + v3.

The distance of a point P = [z, yo] from a line ax + by + ¢ = 0 is given by:

)

_axo + byo + ¢

d
va? +b?



CONIC SECTIONS

Circle
The standard equation of the circle with center at C' = [0,0] and radius r = |CP|, where P = [z,y] is an
arbitrary point on the circumference of the circle, is

x2+y2 =rZ

If the center is C = [m,n], then the equation is

(z—m) + (y —n)? = 2.

s Yy

3V

Ellipse
The standard equation of the ellipse, where P = [z, y] is an arbitrary point of the ellipse, is
Ly 2 2

(172 b72:17 C:[0,0], a >b,

" (—m)?  (y—n)?
x—m y—n
Tt m = 1, C=[m,n], do®>0b.
e =+va? — b2 — eccentricity an ellipse.
Fy =[—e,0], F5 =[e,0] — foci of ellipse.
Yy

G
<Y

Hyperbola
The standard equation of the hyperbola, where P = [z, y] is an arbitrary point of the hyperbola, is

22 2

ﬁ_b72:17 02[0,0]7
" (e —mp _fy—n)

x—m y—n
e — = =1, C=[m,n]
e =+a?+b% - eccentricity of a hyperbola.
Fy =[—e,0], F5 =[e,0] - foci of hyperbola.
A, B — vertices of hyperbola.
The equations of the asymptotes: y=--2, y=——"-x.
a a

©



Rectangular hyperbola y = €
x

c>0: Y c<0: Y

Parabola
The standard equation of the parabola, where P = [z,y] is an arbitrary point of the parabola, is

y? = +2pux, where p >0, V=10,0], o=,
2 = +2py, where p>0, V =10,0], o=y,
(y —n)* = +2p(x — m), where p >0, V=[m,n], o =,
(wfm)2:i2p(y*n), where p>0, V = [man]a O”y
Y A Y A
2% = 2py
y2 = 72pgc y2 = 2p.’£
A-.. @ O g
Lt = —2py

10



Differentiation Formulas:

1)  [c] =0, where ¢ is a constant
2)  [2°) =a- 227!

3)  [e*) =e"

4)  [a*] =a®lna

5) [lnz] = i

6 1 '=
) llogaa) = ——
7)  [sinz]) =cosz
8)  [cosz) = —sinx
1
9 t =
) [tan 2] cos? x
10) [cotz] = — !
- sin’z
11) [arcsinz] = !
V1—a?
-1
12) [arccosz]) =
13) [arctanz] = !
1422
14) [arccotz] = L
1422
Rules:
[c- f@)] =c- ['(x)

Integration Formulas:

1) /ld:czx-i-c

xa-i—l

—OH_l—i—cfora;é—l

ede=¢e"+ec¢

Ina

4) /azd:c:a +cfora>0,a#1

6) /cosxdxzsinx—&—c

7) /sinxdxz—cosx—i—c

1
8) / s—dr =tanz +c
cos? x

1
9) / 5—dr = —cotx+c

sin“ x
.z
arcsin — + ¢,

_dz  _ a

/2 2 z

a® —x —arccos— + ¢
a

dx 1
O

1 T
5 dx 3 arctan o +c,
12) a? + 22 1 x
——arccot— +c¢
a a

:ln’x+\/x2+k‘+c

10)

a+x

+c

a—x

9 | G

Rules:
/Cof(a:)dx:o/f(x)dx, where ¢ # 0

Ju@ £g@iae= [ f@ae [glo)da

f/ (m) = 1n xr C
[ @ =misw)+

/f@»m@mzfu»mm—/#uyJWMw
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